MULTI-DISCIPLINARY DESIGN OPTIMIZATION
ARCHITECTURES

1. Introduction

Multi-disciplinary Design Optimization (MDO) is an emerging design enabler, which
addresses the issue of carrying out formal design optimization of complex, coupled systems
like aerospace vehicles. A system can be thought of comprising of several “disciplines” or
“‘components” or “modules”. A coupled system occurs either when a design variable is shared
by more than one discipline or when the output of one discipline is needed as an input by
another discipline. A schematic of a three discipline coupled system is shown in figurel.1 and
the notations used are explained in the next chapter. If the system is an aircraft, then
aerodynamics, structures and performance could be the three disciplines. The modules
comprising the system could also result in coupling. For example, the fore-body design of a
Hypersonic vehicle strongly influences the design of the intake module. In the design of such
a complex, coupled engineering system, there is an increasing demand to include the effects
of interactions among the various disciplines right at the conceptual and preliminary design
stages. The idea is to study the combined effect of the disciplines on a system level
performance merit. In such a scenario, it is very much likely that the individual disciplines
may be operating at sub-optimal conditions, but the synergistic effect of all the disciplines
ensures that the system level objective is optimized. The greatest potential to beneficially use
the trade-off among the various disciplines occurs at the preliminary design phase, as the
system is still open to improvement in definition. Once the design is in advanced stage, it
may prove costly to introduce any modifications in order to improve the design. However, to
realize this potential, it is important to ensure that the analysis models, which support the
design, are not simplistic. Otherwise, the preliminary results may contradict the results
obtained at the detailed phase. The emerging field of MDO looks into the issue of efficiently
implementing a coupled design process incorporating appropriate analysis fidelity levels. One
can formally define MDO to mean thesystematic approach to optimization of complex,
coupled engineering systeimsherein multidisciplinary refers to different aspects/disciplines
that must be included in the system design activity[1]. It is evident from the definition that
there are more than one competing disciplines involved in the design of the system. MDO
allows disciplinary groups to analyze and design in parallel, with a certain degree of

autonomy. However, since the disciplines are coupled, a system level coordination is



required. The term MDO
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iteration of optimization. This is referred to as the Multi-Disciplinary Feasible (MDF)
formulation. The term “feasible” here means that all the disciplines have been solved and the
solution satisfies the interdisciplinary couplings at all iterations of the optimization. In such a
strategy, the optimization process is very expensive since a complete coupled system analysis
is being carried out at all iterations. This becomes a practical drawback especially when high
fidelty tools like CFD are used for analysis. The expense of implementing this
straightforward optimization approach has motivated research into alternative formulations.
Another reason for seeking alternative formulations is to incorporate features of
organizational structure in the formulation. Typically, a design organization is decomposed
along disciplinary boundaries like Aerodynamics, Propulsion, Structures etc. Independent
discipline activities are coordinated through Project Offices. Several MDO architectures or
formulations have emerged over the last decade. Each formulation differs from the other in
the manner in which the interdisciplinary couplings are handled, while at the same time
trying to achieve individual discipline autonomy. Thus it is possible to cast a given design
problem in several formulations. It is important to note, however, that the solutions obtained
from alternative formulations must also be solutions in the Multi-Disciplinary Feasible

formulation.



This report provides a description of the various MDO Architectures and a
comparison is drawn among them . The mathematical statements of the various architectures
are also given . It may be noted that different notations have been used to describe the same
type of variable by various groups of researchers in the field of MDO. This report attempts to
present all the architectures using a unified notation. The report is organized as follows:

The terminology associated with MDO architecture/formulations is introduced
Chapter 2. The evolution of MDO formulations is discussed in Chapter 3. The basis for
classification of MDO formulations and the taxonomy of formulations are introduced in
Chapter 4. Chapter 5 and 6 present discussions on Single and Bi-level formulations. A
comparative assessment of computational performance of two formulations is presented in

Chapter 7. Finally, the conclusions are stated in Chapter 8.



Chapter 2: Terminology

In this chapter, the terminology associated with MDO architectures [2,3,4,5] is
explained.
A general non-linear programming problem is stated as follows:
Minimize f (Z2)
Subjecttog (Z2)<0; h(Z)=0 (2.1)
An engineering optimization problem assumes the following form
Minimize f (Z, S(2))

Subject tog (Z, S(2))<0; h(Z, S(2))=0 (2.2)
whereS(2) is a state variable vector and is obtained through an analysis of the form
A(Z,S(2)=0 (2.3)

Analysis may be viewed as satisfying conservation laws for the state variables for the given
Z. This often has a non-linear form and it is solved iteratively until convergence. The
notations used above are explained below.

Design Variables

Variables, which describe each design, and distinguish it from others, are called
design variables. For example, wing-span, chord, thickness/chord can be a few design
variables in the design of an aerospace vehicle. Some of design variables are shared by more
than one discipline, while others are local to one discipline. The vector of the design variables

will be denoted ag and its elements are as follows:

Z:ZsD Z|_
Zs=0 zg
Z. =0 z;

where, the shared variables will be denotedZasnd the local variables &_ Only a part

of the vectorZs may be needed by discipline ‘I'. The shared variables required in discipline

T will be denoted aszg;. Hence, we can writ&s = [ z5; . However, the shared variable
vectors need not be mutually disjoint igsj n z5j# 0, for i #j. Z,_ is the union of all the local
variables for each discipline ieZ, = [0 z.;, wherez ; denotes the variables local to discipline
T. Note thatz; n z;= 0, for i#. Let all the variables, including shared and local, belonging

to discipline ‘I be denoted ag . Then,z =z + z,;.



State Equations and State Variables

State equations are used to represent conservation laws of the system. [AIG)*
0, is an example of a State equation representing equilibrium between vortex strength and

angle of attack. (AIC is Aerodynamic Influence Coefficient Matrik)is an example of state
variable in the above equation. State variables pertaining to discipline ‘i will be denotgd as
andS=0 s

Coupling functions and Coupling Variables

A function that is evaluated in discipline ‘' may be needed as an input in discipline
k. Such functions are termed as coupling functions and are denotggd.akhese depend on
2, zsjands. Coupling variables are variables introduced in order to make the analysis of
discipline ‘k’ independent of discipline ‘. Thus with each coupling function, one can
associate a coupling variable denotedgg.

Analysis, Evaluator and Residuals

In engineering design problems, the state equations are generally, non-linear and its
solution is an iterative process. Obtaining a convergent solution for this iterative process is
called Analysis. On the other hand, given the design variabland state variables,
Evaluators estimate the error in the state equations. Analyzer and Evaluator are shown
schematically in figure.2.1. For example in VLM code, the vortex strength velCtas
calculated asI’ = (AIC)*a by inverting the Aerodynamic Influence Coefficient (AIC)
matrix. This is called Analysis. Instead, for a given veatoand an assumed vector, the

evaluator outputs the residual, given as r = (AIQ)*- a . Evaluators are used in many
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Design  constraints are

prescribed by the user, to ensure that the design meets certain basic requirements. For
example, range of the vehicle to be a certain minimum value. They are also formulated or
prescribed to avoid failures and unacceptable behavior. They are denotgddyyinequality

type constraints andh' for equality type constraints. The objective function is generally

denoted as ‘f'.



3. Evolution of MDO Architectures

The evolution of MDO architecture and certain features of alternative formulations
are discussed in this chapter.

In the context of Multidisciplinary Design Optimization (MDO), a complex, coupled
engineering system is represented by equation (2.3) which is repeated below:
A(Z,S(2)=0 (2.3)

In the expanded form, the above equation can be written as

Ai(zy, s1, Y21, Y31,-.0Yn) =0
Ax22, %, Y12, Y32,-.¥n2) =0

An(zna S'I; YIn, YZ ns ---,Yn-l, T‘D = O (31)

Aj in the set of equations (3.1) is coupled to all otAg(( j #i ), throughy; (j #i). If all y;i (j
#1 ) are considered as inputs #; , thenA; may be treated as a set of equations in the
unknown states. It may also be noted that the discipline design vecsgrcontains some

variableszs; , which are needed as input by more than one discipline and some vadgbles

which are purely local to the discipline. Multi-disciplinary Analysis (MDA) refers to solution
of the system of equations (3.1). Typically for engineering systems, solving (3.1) is very time
intensive and iterative in nature. Different strategies can be adopted for solving the

optimization problem (2.2) with (3.1), resulting in different MDO Architectures. Consider the

case where (3.1) is solved to convergence. This is
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satisfied but return residues The state variables are augmented to the design vecir

Additional equality constraints involving the residues are augmented to the \reetd it is

the responsibility of the optimizer to drive the residues to zero. This scheme is shown
schematically in figure3.2. However, this leads to an increase in computational expense at the
optimizer level. It may be noted that it is possible to apply the concepts of analyzers and
evaluators at system level as well as disciplinary level. This is elaborated in Chapter 4. Thus
the manner in which the interdisciplinary coupling variables and coupling functions are
treated and whether analysis or evaluators are used for solving (3.1), gives rise to various
alternative formulations.

Alternative formulations should take into
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Design Problem using Evaluator If any of the analysis codes are modified, it

should be possible to implement the same without having to modify other discipline codes. In
other words, the changes should be ‘encapsulated’ within the discipline itself. This is referred
to as Ease of Implementation.

One way of doing the MDA is to decompose the system of equations (3.1) along disciplinary
lines like Aerodynamics, Propulsion, Structures etc. In such a case, the basic design vector is
augmented by coupling variables. This offers the opportunity to carry out the various
disciplinary analyses in parallel, without waiting for input from other disciplines.

Generally, the smaller the dimension of the problem, the better it is from the point of view of
optimization. As seen earlier, performing ‘analysis’ does not introduce any additional
variables or constraints. This results in minimum number of design variables. Decomposing
the problem causes an increase in the size of the design variable vector. However, certain
decomposition methods result in elimination of some design variables at the system-level,

which may be practical advantage from the point of view of implementation. Another issue



related to dimensionality is that of the bandwidth of data exchange and the frequency with
which the exchange occurs. It may be advantageous to exchange the data in the form of, say,
coefficients of a spline fit , rather than in the original form. For example, the pressure data
along flight vehicle body can spline fitted and used for exchanging information among the
related disciplines, instead of directly sending the large number of original points.

As mentioned in the introduction, the desire to achieve computational autonomy of the
disciplinary subsystems has led to many alternative MDO formulations. Formulations which
attempt to cast the multidisciplinary system description as an optimization problem
decomposed along organizational or physical characteristics of the problem, reflect what is
known as the structural perspective’ [4]. In these types of formulations, the underlying
idea is to consider the disciplines with as much autonomy as possible and coordinate the
solutions of the disciplines at a system level. Solution of the system level problem is then
attempted using any available optimization software. The physical structure of the problem
thus dominates the formulation process. On the other hand, iraliperithmic perspective

[4], the activity of formulation begins by considering the properties and abilities of the
optimizer. The problem is then posed so that any conventional optimizer can be used to
obtain reliable solutions. The underlying idea is to take in account the strong influence of the
analytical features of problem formulations on the ability of the Non-linear programming
algorithm to solve the problem reliably. The influence of the formulation is in terms of how
many times the expensive analysis solutions have to be carried out during the optimization
process and whether the optimizer can return a reliable solution for various formulations.
Thus, in this type of problem formulation, the properties of the optimization algorithm
assume greater importance rather than the physical structure of the problem. It may be noted
that the distinction of ‘structural perspective’ and ‘algorithmic perspective’ is purely
subjective. It is possible that same kind of formulation can arise when starting with either of

the perspectives.



4. Classification of MDO Architectures

In this section, the basis for classification of MDO architectures is discussed. One
way of classifying the formulations is based on whether the optimization is carried out at a
single level or at a bi-level. In the single-level optimization approach, the task of determining

the disciplinary design variabled, and the system design variablgg are entrusted to a

single optimizer. In the bi-level approach, disciplinary optimizers are used to determine the
disciplinary design variables while a system optimizer determines the system design
variables.

As mentioned in the previous section, various types of MDO problem architectures
are possible, based on the manner in which the inter-disciplinary coupling is treated and the
manner in which MDA is carried out. There are two ways in which MDA can be done,
namely: a) Simultaneous Analysis and Design (SAND) and (b) Nested Analysis and Design
(NAND). In ‘SAND’, evaluators are used for computing the residues in the state equations at
every optimization iteration. It is the responsibility of the optimizer to determine both the set
of basic design variables and the augmented design variables, which drive the residue to zero.
In NAND, the actual discipline analyzers are used to solve analysis equations and
consequently there will not be any residue at solution. Based on these two distinctions, and
whether a single level or a bi-level decomposition is done, it is possible to name the various
formulations as follows:

a) Single-NAND-NAND b)Single-SAND-SAND c) Single-SAND-NAND

d) Bi-NAND-NAND e) Bi-SAND-SAND f) Bi-SAND-NAND
The first part of the name refers to whether the problem is posed as single level or a bi-level
problem. The second part refers to the choice of analyzer/evaluator to treat the inter-
disciplinary coupling and the third part refers to the choice of analyzer/evaluator at the
discipline level solution of the disciplinary state equations. This type of classification is due
to Balling [2]. It may be noted that certain combinations like NAND-SAND are obviously
not possible.

The second method of classifying the architectures, suggested by Alexandrov[l], is
based on the way the formulation handles the constraints. Constraints can be thought of as
follows:

a) Design Constraints (DC)Xg & h)

These can be specified at system level and at disciplinary level




b) Auxiliary Constraints:

These are of two types.

(i) Inter-disciplinary Consistency Constraints (IGChese are equality constraints

which arise when disciplinary autonomy is introduced and the problem is decomposed
along disciplinary lines to break the inter-disciplinary couplings and transfer the

responsibility of ensuring inter-disciplinary consistency to the optimizer.

(i) Disciplinary Analysis Constraints (DAC) these are equality constraints which
arise when the optimizer assumes the responsibility of carrying out MDA.

These distinctions are illustrated through a three discipline MDO problem, posed as below:
Find Z which
Minimize f(Z,S)

Subjectto go(Z,S)<0
01(z1,51) <0
02(2,2)<0
O3(z, %) <0 (4.1)

whereS=s 0s, Dgand Z=z 02z 0 zand &, S, S3) denotes the solution of the

multidisciplinary analysis

Ai1(z1,S1,¥21,Y31) =0 (4.2)
AxZ2,5,Y12,Y32) =0 (4.3)
A3(Z3,S3,Y13, Y23) =0 (4.4)

Oo Is the system level constraint vectog; and g, are disciplinary constraints. These
constraints together represent the Design Constraints. Equations 4.2 —4.4, can be alternatively

written as follows:

A1(z1,S1,¥*21,¥*31) =0 (4.5)
A2, S ,¥Y*12,Y*32) =0 (4.6)
As(Z3, S3,¥*13,Y*23) =0 (4.7)

where y*»1, Y*31, Y*12 , Y*32 , Y*13 and y*,3 are coupling variables vectors which are
introduced to make the disciplines independent and act as inputs for disciplines 1, 2 and 3
respectively. However, to ensure consistency of the multi-disciplinary analysis, it is then
required to introduce Interdisciplinary Consistency Constraints (ICC) of the following form:

Y*21-Y21=0,y*31-y31=0,

Y*12-Y12=0,Y*32- y32=0,

Y*13-Y13=0,Y*23-y23=0



State equations 4.4 - 4.6 or their alternative form 4.5 — 4.7, represent Disciplinary Analysis
Constraints (DAC).

Having noted the nature of the constraints, we say that MDO formulation is ‘closed’
with respect to constraints if the formulation, rather than the optimizer, shoulders the
responsibility of satisfying the constraints through analysis. Use of evaluators, instead of
analyzers, makes the formulation rely on the optimizer to enforce the constraints, and the
formulation is termed as ‘open’. So based on the manner, in which the above constraints are
evaluated, it is possible to assign to each of constraints the status of being ‘closed’ or ‘open’.
It may be noted that ‘SAND’ can be interpreted as a parallel terminology for ‘open’, while

‘NAND’ can be interpreted as a parallel terminology for ‘closed’.



5. Single level Formulations

In this chapter, we discuss three single level formulations [2,5] and compare their

features. The formulations are explained with respect to a three discipline coupled system.

5.1 Analytical Features and Mathematical Statement
Single NAND-NAND

In Single-NAND-NAND formulation, the optimizer controls only the basic design
variable vector,Z. In terms of the number of variables, this formulation has the minimum.
For every set of design variables sent by the optimizer, complete MDA is performed using
the specialized disciplinary analysis tools. The solution vector, ie., the state variables, used
for evaluation of the constraints and objective function are returned to the optimizer. Since
MDA is performed at every iteration step, one is assured of a complete interdisciplinary
feasible solution. As such, no auxiliary constraints need to be introduced and the constraint
set is given below.
Design Constraints (DC)

go<0 (system design constraint)

01<0; g2<0;93<0 (disciplinary design constraint)
Optimization problem statement:

Find Z which

Minimize f(Z)

Subject to

Dc's as stated above.
This is pictorially shown in figure. 5.1. In the figuré represents all the constraints. This
formulation has been widely referred to as Multi-Discipline Feasible (MDF) approach. Note
that the word feasible refers to getting converged solution for the MDA. It does not refer to
the design constraints being satisfied. Following Alexandrov’'s notation, this formulation can
be classified as “closed” with respect to disciplinary analysis and interdisciplinary
consistency constraints and “open” with respect to disciplinary design constraints. Hence, we
can denote the formulation as CDAC/ODC/CICC. This formulation reflects the ‘algorithmic
perspective’. Mathematically the problem is well-posed and any standard Non-Linear

Programming algorithm can be used to solve problems cast in this formulation.
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Fig. 5.1 Schematic of Single-NAND-NAND formulation

Single-SAND-SAND
In this approach, discipline evaluators, rather than analyzers, are used to evaluate the
interdisciplinary feasibility as well as the disciplinary state equations. As a result the basic
design vector is augmented by the inclusion of coupling variables and state variables and the
constraint set is augmented by auxiliary constraints. A single optimizer controls the
augmented vector of design variables. The mathematical description of this form is as given
below:
Augmented Design Variable Vector:

Zaug=(Z, S, Y 12,¥*13, Y*21, Y*23, Y*31, Y*32)
Design Constraints (DC):

0o<0 ( system design constraints)

0:1<0; g2<0; gz<0 (disciplinary design constraints)
Auxiliary Constraints:

Y21-Y*21=0; Y31-y*31=0

Y12- Y*12=0; y32-y*32=0  (ICC's)



Y13 -Y*13=0; Yo3-y*23=0

r=ss—Ei(z, y*21,y*31) = 0
r=s—EBx(2,y*12,y*32) =0 (DAC'’s)
rs=ss—Es(z3 y*13,y*23) = 0

Optimization problem statement:

Find ZaugWhich

Minimize f(Zaug)

Subject to

DC’s, ICC’s and DAC's as stated above.

The above statement is pictorially shown in figure5.2. In the fig@@ndR represent all the

constraintg and residues , respectively.
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Fig. 5.2 Schematic of Single-SAND-SAND formulation

The motivation for this type of formulation is that a complete MDA consistent
solution is not required when one is far away from the optimal solution. The residues
are progressively reduced to zero as one approaches the optimal solution. Thus, the
computational cost may be reduced as compared to performing full MDA, provided
the optimizer is able to handle the augmented optimization problem load. However, if
the optimization process is terminated for some reason, one does not have a discipline
feasible solution, let alone a MDA solution. This formulation has also been referred
to as the “All-at-Once”, since the design and iopation occur simultaneously.
Following the notation of Alexandrov, the formulation can be denoted as open
analysis/open design constraints/open interdisciplinary constraints
(ODAC/ODC/OICC).

Single SAND-NAND

This formulation is similar to that of Single-SAND-SAND, except that disciplinary
analyzers rather than the disciplinary evaluators are used to solve the discipline
analysis equations. The state variables are not required to be included in the design
vector. Output information from other disciplines which is required as input for a
discipline analysis, is represented through coupling variables so that it is possible to
carry out complete discipline level analysis. Thus the design vector is augmented by
inclusion of only coupling variables and is given as below:
Augmented Design Variable Vector:

Zaug= (Z ,Y*12,Y*13, Y*21, Y*23, Y31, Y*32)

It may be noted that the solutions returned from the disciplines are individually consistent
and as such residues will not be there. However, the inter-disciplinary consistency is
not achieved. Ensuring the task of inter-disciplinary consistency is the responsibility
of the optimizer. The design constraints and the auxiliary constraints are given as

below:

Design Constraints (DC):

%<0 (' system design constraints)



0:1<0; g2<0; gz<0 (disciplinary design constraints)
Auxiliary Constraints:
Y21-Y*21=0; Y31-Y*31=0
Y12- Y*12=0; y32-y*32=0  (ICC's)
Y13 - ¥*13=0; y23- y*23=0
Optimization problem statement:
Find Zaug, which
Minimize f(Zaug)
Subject to

DC’s and ICC's as stated above.

The pictorial representation of the mathematical statement is shown in figure 5.3. In

the figure,G represents all the constrairgs
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Fig.5.3 Schematic of Single-SAND-NAND formulation

This approach reflects an “in-between” position compared to the SAND-SAND and
NAND-NAND approaches. It has been alternatively referred to in the literature as



“Individual Discipline Feasible (IDF)” [5] and “Distributed Analysis Optimization”
[4]. Again, feasibility here refers to consistency in discipline solution and not to
gualification of the design constraints. Following Alexandrov's notation, the
formulation is said to be “closed” with respect to disciplinary analyses and “open”
with respect to design and inter-disciplinary constraints (CDAC/ODC/OICC). The
nature of the architecture offers scope to use the existing specialized disciplinary

analysis codes with little modifications.

5.2 Comparative features of Single level formulations

MDF or NAND-NAND approach has the fewest number of design variables
and is easy to comprehend. IDF or SAND-NAND is augmented by inclusion of
coupling variables, which are needed to ensure inter-disciplinary compatibility. All-
at-Once or SAND-SAND has the largest number of design variables, due to the
introduction of coupling variables and state variables in the optimization design
vector.

All-at-Once and MDF architectures represent two extreme strategies of
solving the Multidisciplinary Analysis problem. While All-at-once formulation does
not require feasibility or consistency of solution till the point of optimality, the MDF
formulation requires complete feasible solution of the coupled system at each iteration
of optimization. Thus, if high fidelity tools like CFD are used for disciplinary
analysis, implementation in MDF formulation may have practical problems. All-at-
Once provides most efficient means towards getting a solution, by not enforcing the
requirement of feasibility at every iteration. But, again, if the problem on hand is of
large scale or if the problem is tightly coupled, then the number of iterations to
achieve convergence may be very large. This negates the advantage of not having to
performing complete MDA. In IDF formulation, it is required to satisfy feasibility of
solution with respect to only the individual disciplines. Ensuring interdisciplinary
consistency becomes the responsibility of the optimizer.

Thus the formulation to be chosen is very much dependant on the nature of the
problem to be solved. However IDF formulation, which reflects an “in-between”
strategy compared to the two extreme strategies adopted by MDF and All-at-Once,
may hold promise for solving industry type problems. In fact, one of upcoming

formulations namely Collaborative Optimization (discussed in Ch 6), can be thought



of as an advanced concept of IDF, wherein in addition to discipline solution feasibility

it is also required to maintain feasibility of discipline specific constraints.

6.Bi-Level Formulations

In this chapter, we discuss the motivation for bi-level formulations, followed
by description of two architectures namely, Collaborative Optimization Architecture
[2] and Concurrent Subspace Optimization [7]. There are other bi-level architectures
like BLISS [8] and other variations in Collaborative formulations [9], as well.

As mentioned in Chapter 1, research in the area of MDO has been active for
the past decade and several types of formulations have emerged. However, none of
them has yet been demonstrated on an industry level design problem. A few instances,
where MDO approach has been used, focussed on the development of large
multidisciplinary synthesis programs. Generally in these programs, the discipline
analysis is based on low-fidelity or simple models to solve the design problem. The
effect of high fidelity analysis and their implementation is yet to be studied. Some of
the reasons for MDO formulations not being used in the industry at present are seen to
be as follows:

- ‘a-priori’ time investment needed to integrate large design problems

- Industry prefers to use proven design practices. Using new design paradigms in
project environment is considered risky.

Spurred by these facts, research on new types of formulations like Collaborative

Optimization (CO) and Concurrent Sub-Space Optimization (CSSO), were launched.



Stanford University has been studying CO and University of Notre-Dame, the CSSO.
The nature of these formulations is believed to be very much analogous to the design
environment prevalent in industry.

Three generic types of formulations in a Bi-level architecture are possible:

- SAND-SAND

- SAND-NAND

- NAND-NAND

As indicated earlier, the word ‘Bi’ refers to the fact that separate optimizers are used
at system and discipline levels. SAND/NAND indicates the type of analysis
performed ie, whether analyzers or evaluators are used at each level. CO can be
thought of SAND-NAND type of formulation, while CSSO can be thought of as
SAND-SAND type of formulation.

6.1 Collaborative Optimization Architecture
6.1.1. Introduction

Collaborative Architecture (CO) [3] is developed with a motivation to include
industry design perspective in the formulation characteristics. In industry
environment, disciplinary experts are allowed to contribute to the overall decision-
making process, though the final authority is vested with the project leader. CO
architecture reflects this ‘structural perspective’.

The complex MDA problem is hierarchically decomposed along disciplinary analysis
boundaries. Each discipline/sub-space has associated with it an optimizer, which
controls design variables local to the discipline. Outputs of other disciplines required
as input for analysis, are treated as auxiliary design variables in the subspace
optimization. Thus, each sub-space has freedom to choose its own value for the
interdisciplinary variable. For each of such inter-disciplinary variables, system
optimizer issues system target variable to sub-spaces. Within the sub-space, these
system level targets are treated as fixed parameters. The objective of the sub-space
/discipline optimizer is to minimize the discrepancy between the system level target
and the local value for the inter-disciplinary variable. In the basic architecture, this
discrepancy is modeled in a least square sense. The sub-space optimization problem is
also charged with the task of satisfying the discipline specific constraints. The system
optimizer coordinates all the subspace optimization problems and ensures

interdisciplinary consistency. This is enforced by requiring each sub-space objective



(discrepancy function) to be zero through an equality constraint at the system level.
Thus, there will be as many equality constraints as there are subspaces. Since, at each
iteration of system level optimization, the discipline constraints are satisfied, the
architecture is also referred to as disciplinary constraint feasible method. Following
Alexandrov’s method of classification at subspace optimization level, this formulation

is ‘closed’ with respect to discipline analysis and design constraints and ‘open’ with
respect to interdisciplinary constraints (CDAC/CDC/OICC). A schematic
representation of C-O architecture is shown in figure 6.1. Notations used are

explained in the next section.

System level Optimizer

Min f(2)
¢ S.t.r’}(Z)ZO;J’:l,N r
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Min r1(X1) = || Xs=Zsa|l + || Xcti=Zat i[[{----eveveveee Min rn(Xn) =l Xsrrzsn Il + [l Xcii-Zeii |l
+ || Yea — Zcai |l + || Yeor Zcoi |l
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Figure 6.1 Schematic of Collaborative Optimization

6.1.2 Mathematical Formulation in CO

Decomposition of the original problem

The original problem defined in Ch3 is stated again

Minimize f(Z , S(Z2))

Subjecttog(Z,S(Z))<0; h(Z,S2))=0 (2.2)



Where S is a state variable vector and is obtained by solving state equations of the
form

A(Z,S(2)=0 (2.3)
In single level formulations the control over the design ve&as with one optimizer
ie., the system optimizer. There are no optimizers at disciplinary level and the role of
discipline is restricted only to analysis. In CO, the disciplines are given autonomy or
control over their respective disciplinary design variables through the disciplinary
optimizer. Hence some of the variables can be transferred to the disciplines and the
disciplinary design variables need to be denoted distinctly from the system level

variables. Recall from Chapter 2, that the system level design vector consists of
i) Z.: representing a union of local variables used for ' disciplinary analysis or

evaluation

i) Zs: representing design variables shared by two or more disciplines

i) y*jj andy;jj representing the auxiliary or coupling variables and functions

In CO, control over the local variables; is exercised by the disciplinary optimizers
and these are no longer a part of the system level design variable vector. Thus for CO,
the system level vector Ba,g= Zs [ Z ¢, whereZ. (= [ z) is an alternate compact
notation for the auxiliary vector representing the union of coupling variables and
functions.z can further be expressed as= 7. + zcoj, wherez i = 0 y*jj andzeo;

= 0 vyijj. zoj denotes output of discipline ‘I required by any other discipline i
Similarly, z¢ i denotes input to discipline ‘' from any other discipline j. The system
level variableszjaug= 7z [ z¢, are sent to théhidiscipline as system level targets. Let
the disciplinary level variable vector fof discipline be designated as It consists of

the following components:

Xi =X U Xsi U Xeri U Xcoi

where ,

XLi Is the local design variable vectoX(= [ x;)

Xsi IS the copy of the vectazg;

Xcl1i Is the copy of the vectary;

Xcoi IS the copy of the vectaryo



Similarly, the constraint vectorg andh are also partitioned and transferred to

the respective disciplines.

System level Optimization Problem

The system level optimization problem is stated as follows:
Find Z aug, which

Min. F (Zs)
S.t.r* (Zawg) =0 (6.1)

where ,

F: system-level objective function

Z aug= System-level design variable vector (targets issued to sub-spaces)

r*. system-level non-linear constraint vector, whose elements are discrepancy
functions returned from solution of the sub-space optimization problems

The system-level solution is defined as,

F=F** Z=2Z*and X_= X_**

Discipline / Subspace Optimization Problem
For a ‘n’ discipline problem, there will be ‘n’ sub-space optimization
problems. The design vector and the mathematical statement 8 saispace is as

stated below.
Find X, which
Min. i () =11 xsi-zsi [+ [1 X~ zei |1 +11 yei- zeoi |1
Subjectto g (i) <0 ; h; (x;) <0 (6.2)
The sub-space solution is defined as

=re ;X =X

The norm in the objective function(x; ) is generally, calculated as bhorm.

6.1.3 Collaborative Solution Process
The collaborative solution process starts with an initial guess for the system

level targetsZaug at the zeroth iteration. Each subspace receives the required elements



of the system level target vector relevant to it. These are treated as fixed parameters in

the sub-space optimization problem. During the solution of the subspace optimization,

the interdisciplinary design variableg andx. move as close as possible towards their

target valuezs and z., while maintaining feasibility with respect to sub-space

constraintsg(x). A characteristic of the formulation is that each subspace is allowed
freedom to choose its own value for the interdisciplinary variable. This freedom
enables the subspace problem to satisfy the discipline specific constraints. Optimum
values of the discrepancy function r* (ie, the objective function of the subspace) is
returned to the system level for evaluating the system equality constraints. Thus, the
system optimizer shoulders the responsibility of interdisciplinary consistency. The

system level issues a fresh targéf,g such that there is an improvement in the

system objective function. The process is repeated until system convergerce,

Z** is attained.

6.1.4 Sensitivity Analysis
Sensitivity analysis refers to studying the variation of the optimal objective
function due to perturbations in the parameters or constraint limits. The post
optimality equation derived in [3] is described briefly below:
Consider a general problem
Min. F(2)
Subject tog (z, p) <0
At the point of optimality we can write the objective function F* = F*M g*, since
g* = 0, as only active constraints need to be considered for sensitivity analysis.
Taking the total derivative of F* with respect to parameter p, we have
dF*/dp = @F*/ dp + X' 0g*(z*,p) / 0p) + (0z* / dp) 8/dz* (F* + A" g*(z*,p))
From the first order necessary condition
a/0z* (F*+ N g(z,p)) =0
Hence, irrespective of the value @i / dp;), we have
dF*/dp =0F*/ op; + AT og* (x*,p) / op (6.3)
Equation (6.3) is referred to as tHest-order post optimality equationdF* / dp
represents the change in the optimum objective function value with respect to a

parameter variationz* can change in the process, and second order information is



needed to estimate the neav. The details are provided in [3]0F* / dp; represents

the derivative of the objective function evaluated at the optinaim,

The nature of CO formulation allows development of analytic expressions for the
system level constraint jacobian. This is possible due to the fact that the system level

variable is treated as a parameter at the subspace level.

6.1.5 Problems in C-O Architecture

Two problems have been reported in the basic CO formulation [3,6]. One is
the non-existence of Langrange multipliers as the system level solution approaches
the optimal point and the other is the non-smoothness of the system level constraint

Jacobian matrix.

Non-Existence of Lagrange Multiplier

The basic C-O formulation at system level is repeated below:
Min F (Zg)
st.rj(Z)=0 j=1,n
where, 1} =X (Xs— 29*+ X (Xc1 — Za)* + 2 (Yeo— Zeo)” -
r* is the objective function of thé"sub-space optimization problem. Note that this is
not a part of the original problem defined by (2.2) and is a result of decomposition of
problem. For ease of explanation lex denote all the types of interdisciplinary
variables andz the corresponding target variablehe Lagrangian at the system
level can then written as
L=F*+ X\ (X - 3)°
Most gradient-based optimization algorithms require that the first order necessary
conditions be satisfied at the point of optimality.
Thusd,L=0
O, F*+ A O, 1%, =0 (6.4)
The above equation implies that system level constraint jacolaiarf;,,must be
defined for existence of the Langrange multiplgr. Recall that rf is the sub-space
objective function. gis a system target issued to the subspace ‘|’ and is treated a fixed
parameter. Making use of the post optimality equation (6.3) with ‘r*" as the function
and ‘7’ as the parameter we have the following:

drsj/dz =ar*/ dz + A" dg(x )/ 0z )



Since ‘g’ is a domain specific constraint and is not a functiomn, afe have

09(x ) / 0z = 0 . Hence the system level gradient is

dr*j/dz =0r*j/ 0z = -2 (X; — Z) (6.5)

As the system level solution approaches, we have

Xj — z; and so from (6.5),

or*/0z=10

The above equation results in non-existence of Lagrange multipliers in equation (6.4).

To overcome this problem, an alternative formulation was suggested.

Alternative Formulation [3]

The basic system level problem is refined as follows:
Min F(Zs)
Subject tor(z) =x-z=0 (6.6)
Where,
r . system level constraint returned from the solution of the subspace optimization
problem
In this refinement, instead of ‘n’ cumulative constraints, one for each sub-space
problem, there are as many constraints as there are inter-disciplinary variables. Also,
the system level constraint is no longer the subspace objective function as in the basic
formulation. Invoking again the post-optimality equation (6.3), we have
dr/dz=dx/dz- ok
Ok = 0j#KkK

lforj=k
and & /dz can be calculated from the second order sensitivity information.
Thus in the refined formulation, as the solution approaches optimality the system
level constraint jacobian rddz is defined and as a result the problem of non-

existenance of Lagrangian multiplier in equation (6.4) is avoided.

Non-smoothness of system level constraint jacobian

A basic requirement of solving non-linear programming problem using a
gradient based optimizer, is that the functions evaluated by the disciplinary analyses

must be smooth. The disciplinary experts are generally required to ensure this. In CO



architecture, the original problem is decomposed into discipline based sub-space
optimization problems and a system level problem. Sub-space objective functions are
thus introduced in the transformed problem statement and it is required to return

to the system level problem. Note that these function calls are not a part of the
original problem statement. Thus utmost care must be exercised while defining the
sub-space objective function, so that it returns a smooth solution to the system level.
In the basic CO formulation, the discrepancy between the inter-disciplinary variable
and the associated system level target is the objective function and this must be driven
to zero. However, the inter-disciplinary output is a solution of non-linear function and
can have multiple solutions. As a result, when the system parametevaried, the
solution r* can jump from one solution to another. This makes the function, non-
smooth. Consequently, computing the system constraint jacobian , becomes difficult.
A detailed numerical illustration is provided in [3]. It is briefly described below:

A non-linear sub-space problem can be formulated as
Min 1= (Xs—25)? + ( Yeo— Zo )’
O<xs<slandO<x <1

Where y, = 100(x - x& )?, represents an inter-disciplinary output variable.

As the system level solution approaches, we have

Y¥co=Zco; Xs=zsand r'y = 0

Therefore, x= zZ + ( zeo /100)H?

The above equation has two roots. The solution can jump from one root to another,
when the system level target variablg, zaries. Details of circumventing the above

problem are provided in [3].



6.2 Concurrent Subspace Optimization Formulation

Concurrent subspace optimization is another bi-level formulation which is
being developed at University of Notre-Dame [7 ]. Unlike in CO, no specific
distinction is made in the choice of objective function for system level problem and
the sub-space level problem. The system level problem is treated just as another

discipline and each discipline has its owniaopzer.

Convergence
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Fig.6.2 Schematic of CSSO formulation

The system level optimizer co-ordinates the subspace optimization problems and
ensures that all the constraints are satisfied at convergence. The formulation is briefly
described in this section. There are mainly four processes in the CSSO formulation
and these are schematically depicted in figure 6.2. The solution process proceeds in
counterclockwise direction, starting with system analysis (in the upper left hand

corner). The system analysis encompasses within it, the task of solving the coupled
set of disciplinary analyses for a given set of initial designs. Solving the above

equations requires an iterative method. This process is referred to as System Analysis.
On solution, we get a consistent set of states, which describe the behavior of the

system. However, the solution need not satisfy the constraints of the optimization



problem. The purpose of solving the coupled system is to create data, using which
approximate models for the system behavior can be constructed. The model can then
be used by the disciplinary experts to understand the influence of local design
decisions on the system level performance. All the subspace optimization problems
are entrusted with task of minimizing the same system objective function. For states,
which are local to it, the sub-space performs detailed analysis while for the non-local
states it makes use of approximate models. This constitutes the second process. The
designs returned by the sub-space solutions are used to augment the database and
create progressively better approximate models. This constitutes the third process.
Using the approximate models of the sub-spaces, the system levializapion
problem is solved. This constitutes the fourth and final process in the CSSO
formulation. The processes are repeated until convergence.

6.3 Comparison of CO and CSSO

The strategies of CO and CSSO mainly differ in the manner in which the inter-
disciplinary consistency is achieved. In CO, the sub-problems are entrusted with the
task of minimizing the discrepancy functions and these are augmented as equality
constraints at system level optimization problem. In CSSO formulation, all the sub-
problems are given the task of satisfying the same objective function ie. the system
objective function. For information on non-local states, the sub-problems use
approximate models. In CO the sub-problems are given the freedom to disagree on the
value of the inter-disciplinary variable. Driving the discrepancy, between the inter-
disciplinary variable and the associated system level target, to zero ensures
consistency. Thus, the size of the design problem will be more in CO than in CSSO.
The nature of the decomposition followed in the basic architecture of CO results in
problems to the optimizer, described in the previous section. CSSO formulation does
not have any such inherent problems. However, CSSO formulation requires one to
construct approximate models, which may add to overhead computational cost. Also,
the accuracy of the approximate model has to be good. In CO, the system level
sensitivity gradients can be obtained through analytical means. In CSSO, one has to

rely on finite-difference, which requires tight convergence.



7. Computational Performance of Two Architectures
In this section, the computational performance of Collaborative Optimization
with that of a single level formulation, namely All-at-Once is discussed briefly. The
criteria for the comparative study of the performance chosen in [10], is the number of
function evaluations required to find an optimal solution. Other methods of

comparison of computational performance are given in [2] and [9].

Assumptions

The optimization algorithm used and the nature of the non-linearity of the problem

strongly influence the number of function evaluations. It is assumed that all the

gradient information is accurately computed by forward difference method, and the
non-linearity is quadratic and the optimizer is a sequential quasi-Newton solver. Then
the following hold:

- The number of analysis evaluations required to find a line search direction is one
plus the number of inputs to the analysis. ‘One’ refers to the baseline evaluation.
Rest of the evaluations, are for computing the gradients of the function with
respect to each design variable.

- Maximum number of line searches required to find an optimum is equal to the
total number of design variables.

Recall that in All-at-Once formulations it is required to solve an ‘n’ discipline system

of equations using evaluators. The maximum possible total number of function

evaluations to determine a stationary point for fAeigcipline is given by the product

of number of line searches and number of function evaluations to find a line search

direction. Then the following relations for the number of function evaluations from

[10] are given as below:

Let,

A= (Ng+ Nax)

Bj = (NG + Nawy + nij+ 1)
Then for All-at-Once h= (A + n.) * B; (7.1)
Where,

ny : total number of function evaluations



ng : total number of input design variables which are shared by more than one
discipline
Naux: total number of coupling design variables

n_ : total number of local design variables
suffix § stands for number of such variables required in theliscipline

For CO, the maximum number of line searches at the system level is equal to
the number of system level design variableg+maux. Assuming that the system level
gradient information is obtained analytically using the post-optimality equation, then
the number of function evaluations of tH&discipline to find a stationary point at the

system level is

v = A[Bj (Bj-1)] (7.2)

Then the ratio of the function evaluations for All-at-Once and CO for thaigcipline
IS

Fataoncd Fco=(A+n.) [ [A (Bj-1)] (7.3)

From (7.3), following observation can be inferred. Consider a single discipline

problem. If it is decomposed in such that the number of local variables is large, then

(Ng + Naux+ N.) = (N + Naug + N1 ) and

Then from 7.3

Feingd Fpi =1/ A

This implies that in bi-level formulations for every change in disciplinary level , the
number of function evaluations has to be performed ‘A’ times ie, for all the system
level variables. Hence, the number of function evaluations in bi-level is ‘A’ times
more compared to that of single level. However, it may be noted that bi-level
formulations offer advantage of incorporating practical features like the distributed

nature of organizational structure, in the formulation.



8. Conclusions

An overview of various types of Multi-disciplinary Design Optimization
(MDO) Architectures has been presented in this report and attempt has been made to
present a uniform notation for the various formulations. The desire to include system
analysis even in the early stages of the design has prompted the development of
MDO. The architecture or the formulation enables formal mathematical statement of
the design problem. Several formulations have emerged over the last decade, each
differing from the other in the manner in which the Multi-disciplinary Analysis
(MDA) of the coupled system is executed and the manner in which the coupled
system is decomposed. The basis for taxonomy of the formulations was highlighted.
Among the single-level approaches, Individual Discipline Feasible formulation
reflected an “in-between” strategy as compared to the extreme approaches adopted in
Multi-Discipline Feasible and All-at-Once formulations. While the former strategy
demanded a complete inter-disciplinary consistent solution at eadmizgdion
iteration, no such requirement was needed in the latter formulation. Design and
optimization occur simultaneously in All-at-Once, thereby reducing the computational
cost. Bi-level approaches, typically decomposed the design problem into a system
level optimization problem and several sub-space optimization problems. It is
believed that such a approach is closely analogous to the industry design environment.
In Collaborative architecture, the problem was decomposed along disciplinary
boundaries and each discipline was given the freedom to choose its own value of
inter-disciplinary variable. Consistency was ensured at the system level, by imposing
the discrepancy between the interdisciplinary variable value and the system target
value as an equality constraint and requiring it drive to zero. In Concurrent Sub-Space
Optimization formulation, no special distinction was made between the system level
optimization and the sub-space optimization problems. In fact, the objective function
for the system level and sub-space level was same. The constraints were also
maintained the same. However, each sub-space used detailed analysis for states local
to it, while for the non-local states an approximate model was used. Decomposition of
the problem into a system level problem and several sub-discipline level problems
enabled the disciplinary experts to contribute in the overall decision-making process.

However, it was observed that decompositions could also lead to some problems as



reported in Collaborative Architecture. This problem was briefly discussed and it
brought out the importance of formulation on the ability of the optimizer (gradient-
based) to return proper solutions. Decomposition introduces certain aspects, which are
not a part of the original problem statement, and hence utmost care has to be exercised
SO as not to cause any problems with regard to use of optimizer. Computational
performance of a single level and a bi-level formulation was also discussed. It was
observed that bi-level formulations with large number of disciplinary variables and a
few system level variables would require more number of function evaluations than
single level formulation. This is so, since every function evaluation in disciplinary
level has to be repeated for all system design variables. However, CO allows
disciplinary participation in the decision making process and provides disciplinary
autonomy. Such features offer practical advantage with respect to the industry
organizational structure. Absence of these features in single level formulations makes

it difficult to implement them for industry type problems.
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